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Closed-Form Specified-Fuel Commands for On–Off Thrusters
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A procedure is presented for generating on–off thruster commands for rest-to-rest slewing of flexible systems.
The command profiles induce a low level of residual vibration and can be designed to use any desired amount of
thruster fuel. A key advantage of the proposed method is that the commands are described by closed-form functions
of the system parameters and the desired move distance. Performance measures such as maneuver speed, maximum
transient deflection, and robustness to modeling errors indicate that the commands are attractive alternatives to
time/fuel optimal commands that must be determined using a numerical optimization. Experimental results from
a system driven by on–off air thrusters verify the proposed method.

I. Introduction

M ANY techniques have been developed for generating com-
mand profiles that eliminate residual vibration. A specific

area of application for these methods is the slewing of flexible
spacecraft with reaction jets. Given the on–off nature of the ac-
tuators, “smooth” commands1−4 cannot be used. However, several
methods have been developed to generate on–off commands that
produce low levels of vibration.5−10 Additional advancements have
been made to increase robustness to modeling errors,5,7,9 to limit the
amount of transient deflection,11 and to control the fuel usage.12−17

Unfortunately, most of the proposed methods require a nonlinear
numerical optimization that can be difficult to implement in real
time. The problems associated with optimization-based commands
have motivated the development of on–off commands that can be
described in closed form.18,19 This paper extends this line of research
by presenting a method that allows the fuel usage to be specified.

To generate commands that can be described in closed form, we
assume that the command consists of three components. The first
part accelerates the system, the second part is a coast period, and
the third part decelerates the system back to rest. If the acceleration
and deceleration portions do not cause residual vibration, then the
entire command will not cause residual vibration. The proposed
commands are shown in Fig. 1.

The method presented in the following section creates on–off
commands that can be represented as closed-form functions of the
desired move distance, fuel usage, natural frequency, and force-to-
mass ratio. In Sec. III, the performance of the commands is evalu-
ated as a function of move distance and fuel usage. In Sec. IV, the
experimental results are reported, and conclusions are presented.
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II. Closed-Form Command Generation
The command generation method presented here will be demon-

strated by considering the benchmark undamped two-mass and
spring system.13,20 Because a linear system is being considered,
the technique of input shaping can be used to form the command
profiles.21 The phrase input shaping is used here to describe the pro-
cess of convolving an input function with a sequence of impulses
to produce a specially shaped command profile. Figure 2 shows
that convolving a step function with a sequence of ±1 impulses
will produce a sequence of positive on–off pulses. This pulse se-
quence can be used to accelerate a flexible system without vibration
if the impulse times are selected correctly. To create a sequence of
negative pulses that decelerate the system, the signs of the impulse
amplitudes are switched.

To control the amount of fuel used during a slew, the total duration
of the command pulses must be limited. This requires

−t1 + t2 − t3 + t4 · · · −tm/2 − 1 + tm/2 ≤ U/2 (1)

where U is the desired fuel usage in seconds and m is the number
of command switches in the entire command profile (acceleration,
coast, and deceleration). If this fuel usage constraint is combined
with the traditional input shaping constraint equations that limit
residual vibration, then an appropriate acceleration segment can
be determined. For the acceleration pulses to cause zero residual
vibration, the impulses used in the input shaping process must satisfy
the following equation21:

0 =
√

[� Ai sin(ωti )]2 + [� Ai cos(ωti )]2 (2)

where Ai are the impulse amplitudes, ti are the impulse time loca-
tions, and ω is the natural frequency of the system’s vibration. The
zero vibration (ZV) equation given in Eq. (2) is derived by super-
imposing the response of the system to a sequence of impulses. The
amplitude of this response is then extracted and set equal to zero.
Details on this derivation can be found in numerous references.21,22

Note that Eq. (2) produces two constraint equations because the sine
and cosine summations are squared, and therefore, they both must
equal zero independently. That is,

0 = � Ai sin(ωti ), 0 = � Ai cos(ωti ) (3)

Commands that satisfy Eq. (3) are called ZV commands because
they force the residual vibration to zero. Commands that are very
robust to modeling errors can be obtained by enforcing additional
constraints.5,7,9 The methods in this paper are compatible with ad-
ditional robustness constraints. However, the main purpose of this
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Fig. 1 Proposed on–off command profiles.

Fig. 2 Input shaping to generate a sequence of pulses.

paper is controlling fuel usage; therefore, only ZV commands will
be considered.

The acceleration pulses that satisfy the ZV constraints must sat-
isfy requirements (1) and the two constraints in Eq. (3). We seek
an acceleration profile containing two pulses because the command
will have three unknowns and this matches the number of constraint
equations. Such a command is shown in Fig. 2, and the unknowns
that must be determined are the impulse time locations, t2, t3, and
t4. The time of the first impulse, t1, is assumed to be zero. Given
that we are considering an undamped system, we can assume that
the command should be antisymmetric. Therefore, determining the
acceleration profile also determines the deceleration profile.

There are a number of ways in which the pulses shown in Fig. 2
can produce zero residual vibration by satisfying Eq. (2). One case is
when the vibration induced by the impulse at t3 cancels the vibration
from the impulse at t1 and the impulse at t4 cancels the vibration
caused by the impulse at t2. Another way to cancel vibration is to
have the impulse at t2 cancel the vibration from the impulse at t1

and the impulse at t4 cancel that from the impulse at t3. Here, our
main objective is finding a closed-form method of describing the
command profile; therefore, we will exploit the simple case when t3

cancels t1 and t4 cancels t2. Keeping the command duration as short
as possible is also a primary objective. The following derivation
accomplishes these two goals.

The amplitude of the impulse at t3 is the same as that of the first
impulse. Therefore, the vibration induced by the first impulse can
be canceled if t3 is located at an odd multiple of T/2, where T is
the period of vibration,

t3 = (2n + 1)T/2 n = 0, 1, 2, . . . (4)

The vibration induced by the impulses at t2 and t4 will also cancel
if they are separated by the odd multiple chosen for t3,

t4 − t2 = t3 (5)

Given that the command contains two pulses, then the constraint of
requirement (1) reduces to

(t2 − t1) + (t4 − t3) ≤ U/2 (6)

Enforcing the time order of the impulses requires

t2 < t3 (7)

Solving for the possible range of fuel usage given any value of n,
while minimizing t4, yields

U < (4n + 2)T (8)

By the use of inequality (8), the value of n for any desired amount
of fuel usage can be obtained. Once n is known, then the impulse
times that describe the acceleration pulses can be determined by
using computations (4–6). These impulse times are

t1 = 0, t2 = U/4, t3 = (2n+1)T/2, t4 = t3+(U/4)

(9)
To summarize, Eqs. (9) describe the on–off switch times of a two-
pulse command that accelerates the system without causing residual
vibration, while at the same time using U/2 s worth of actuator fuel.
It uses U/2 s of fuel because the other half of the fuel is needed to
decelerate the system.

The switch times given in Eqs. (9) determine the pulses for the
acceleration and by switching the impulse amplitude signs, the de-
celeration periods. However, the command is not complete until the
duration of the coast period is determined. This duration can be cal-
culated from the rigid-body dynamics. If a system has mass M and
the position of the system’s center of mass is x , then

ẍ(t) = F(t)/M (10)

If the system starts at rest, then the final velocity and displacement
at the end of the command profile are

vd =
∫ t f

0

F(t)

M
dt (11)

xd =
∫ t f

0

[∫ t f

0

F(t)

M
dt

]
dt (12)

For rest-to-rest motion, Eq. (11) must equal zero and Eq. (12) must
equal the desired move distance. Because the forcing function F(t)
is an on–off function, piecewise integration of Eqs. (11) and (12)
can yield a closed-form solution. Profiles for undamped systems
are particularly easy to obtain because the equations only need to
be integrated up until the midpoint time tm . For a command that
contains two positive pulses and two negative pulses, the goal is to
find the time at which the deceleration pulses begin. This is labeled
t5 in Fig. 1. Once this time is known, then all other command switch
times will be known from symmetry.

Integrating Eq. (12) up to the midpoint and setting it equal to
one-half the desired slew distance yields

xd/2 = α/2
(−t2

2 + t2
3 − t2

4

) + α(t2tm − t3tm + t4tm) (13)

where α is the force-to-mass ratio. The value of α comes from the
amplitude of the thruster force divided by the mass of the space-
craft. This is not an independently variable parameter available for
modification by the controls engineer. It comes from the mechanical
design of the spacecraft. Note that over time, as the thruster fuel is
used, the spacecraft will lose mass and the value of α will increase.

Using the symmetry of the profile, we know that the midpoint
time is

tm = (t4 + t5)/2 (14)

Substituting Eq. (14) into Eq. (13) and solving for t5 gives

t5 = xd/α + t2
2 − t2

3 − t2t4 + t3t4

t2 − t3 + t4

(15)

The start of the deceleration is now known as a function of the
desired slew distance, the force-to-mass ratio, and the switch times
of the acceleration pulses, which are given in Eqs. (9). Substituting
Eqs. (9) into Eq. (15), we get a very simple answer,

t5 = 2xd/(αU ) (16)
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The entire command is now known in closed form,

t1 = 0, t2 = U/4, t3 = (2n + 1)T/2

t4 = t3 + (U/4), t5 = 2xd/(αU ), t6 = t5 + (t4 − t3)

t7 = t5 + (t4 − t2), t8 = t5 + t4 (17)

The value of n used to calculate t3 is obtained from inequality (8).
Note that if the move distance is held constant and the fuel usage

is increased, then t2 will increase until it equals t3. A further increase
in fuel usage will cause t3 to jump to the next odd multiple of the
half-period of system vibration. This causes a discontinuous jump
in the duration of the command. Another interesting event occurs
when t4 increases in value and equals t5. After this point, additional
fuel cannot be used because the desired fuel usage (measured in
seconds) exceeds the maneuver time.

To demonstrate these two phenomena, Fig. 3 shows a typical ex-
ample of the command switch times as a function of the fuel usage.
As the fuel usage increases going from left to right, the value of t2

increases linearly. When t2 equals t3, the value of n in Eq. (17) in-
creases by 1 and the second pulse jumps to 3

2
of the vibration period.

Note that this causes a discontinuous increase in the command dura-
tion. Figure 3 also shows the case when t4 and t5 approach each other.
Choosing a large value of fuel usage, so that t4 and t5 are nearly equal,
does not provide an advantage. At these high levels of fuel usage, us-
ing additional fuel provides only a marginal improvement in speed.
This result indicates that high fuel usage is wasteful. In fact, most re-
alistic cases of fuel usage would have relatively long-coast durations
between the acceleration pulses and the deceleration pulses.

III. Performance Evaluation
In this section, the performance of the proposed commands is

evaluated on the benchmark undamped two-mass and spring system
shown in Fig. 4. The value of the spring constant and each mass is
set equal to one, as is the maximum actuator effort. This leads to a
force-to-mass ratio of 0.5 and a natural frequency of

√
2 rad/s.

The switch times of the command profile are fairly simple func-
tions of the system parameters and move distance, as demonstrated
by Eq. (17). However, given the variation of switch times shown
in Fig. 3, it is apparent that the performance will depend on the
desired fuel usage. It will also depend on the desired move distance
xd . Figure 3 shows the command switch times for the benchmark
system when xd = 100 units and the fuel usage U is varied. Figure 5
shows the response of the second mass to several of these closed-
form commands. In each case, the system translates to the desired
location. Figure 6 shows the spring deformation. In each case, there
is some transient deflection during the acceleration phase and decel-

Fig. 3 Switch times as function of fuel usage.

Fig. 4 Benchmark mass–spring system.

Fig. 5 Position of second mass as function of fuel usage.

Fig. 6 Deflection as function of fuel usage.

Fig. 7 Move duration as function of move distance.

eration phase. However, there is no deflection during the coasting
motion, and most important, there is no residual vibration.

The performance measures discussed in this section include
1) move duration, 2) maximum transient deflection, and 3) robust-
ness to modeling errors. First, the fuel usage was set to 4 s and the
performance was determined for move distances ranging between
5 and 25 units. Then, the move distance was fixed at 5 units and the
fuel usage was varied. To provide a comparison, the corresponding
data were obtained for the time-optimal specified-fuel commands
that are generated with a numerical optimization.15 In the sequel,
closed-form commands (CF) and time-optimal commands (TO) are
discussed.

A. Dependence on Move Distance
An important aspect to consider is how long a maneuver will take.

The move duration for the CF and TO commands are compared in
Fig. 7 as a function of the move distance. Recall that the fuel used is
fixed at 4 s. The TO commands average only 0.42 s faster than the
CF commands over the range shown. Although the CF commands
introduce a time penalty, it is almost negligible. This minor draw-
back is more than offset by the advantage of the commands being
known in closed form and by the performance advantages discussed
next.

The transient deflection of the system is an important measure
because a large deflection induces large internal stresses. Figure 8
shows the maximum deflection as a function of move distance. The
CF commands almost always cause less deflection than the TO
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Fig. 8 Maximum deflection vs move distance.

Fig. 9 Sensitivity curve.

commands. Note that the maximum deflection caused by the CF
commands is constant for all values of the move distance. This is
because the commands are required to have zero residual vibration
after each acceleration period, meaning that the maximum deflection
will occur during the acceleration period. Because the acceleration
command is the same for every move distance shown, the transient
deflection is the same for all move distances. On the other hand, the
deflection induced by the TO commands varies in a sawtooth pat-
tern. This effect is caused by the variation in the acceleration phase
of the TO commands.

Accurate modeling of flexible systems is often difficult, and so
the need for robustness to modeling errors is extremely important.
When there is an error in the estimation of the system’s vibration
period, then some amount of residual vibration will exist. This ef-
fect is demonstrated by the sensitivity curve shown in Fig. 9. The
percentage vibration shown on the vertical axis is the amount of
vibration caused by the on–off command divided by the vibration
induced by a single step in actuator effort. The horizontal axis is a
nondimensional frequency formed by dividing the actual frequency
ωa by the modeling frequency ωm . If a command can keep the vi-
bration at a low level over a wide range of frequencies, then it would
be considered robust to modeling errors.

To measure robustness quantitatively, the insensitivity is defined
as the width of the sensitivity curve at a low level of vibration. In
Fig. 9, the width of the curve at 5% residual vibration has been la-
beled as the 5% insensitivity. Figure 10 shows the 5% insensitivity to
modeling errors as a function of move distance. The curves describ-
ing the insensitivity vary considerably. However, the CF commands
are almost always significantly more robust than the TO commands.
To obtain an average robustness measure over a range of move dis-
tances, the area under the curve can be computed. The area under
the CF curve is approximately three times that of the TO curve for
the range shown.

B. Dependence on Fuel Usage
To show the effect of fuel usage, the move distance was fixed at 5

units and the fuel usage was varied. Figure 11 shows the move dura-
tion as a function of the fuel usage. As expected, the TO commands
are faster for every fuel usage. However, the CF commands average
less than 1 s longer than the TO commands over the range shown.
Figure 12 shows a comparison of the maximum deflection caused by

Fig. 10 Insensitivity of 5% vs move distance.

Fig. 11 Move duration vs fuel usage.

Fig. 12 Maximum deflection vs fuel usage.

the CF and TO commands as a function of the fuel usage. The data
show that the maximum deflection induced by the TO commands
varies considerably with fuel usage, whereas the deflection induced
by the CF increases somewhat linearly. Figure 12 also shows that the
maximum deflection from the TO commands is higher for most of
the cases. The robustness of the shaper also varies with fuel usage.
Figure 13 shows the 5% insensitivity as a function of the fuel usage.
The area under the CF curve is approximately three times that of
the area under the TO curve.

C. Robustness to Thruster Firing Accuracy
Perfect cancellation of the vibration requires that the thrusters

be turned on and off at the correct times. Note, however, that the
thrusters do not have to transition immediately between on and off
states. The thruster force could transition linearly, with a ramp func-
tion, and the vibration could still be completely canceled. This ex-
cellent feature of the commands originates from the ZV impulse
sequence used to generate the commands. This input shaper can be
convolved with any function and the result will still produce zero
residual vibration. Therefore, the step function used in the convolu-
tion process of Fig. 2 could be replaced with a ramp function. The
resulting shaped command would not be on–off in nature, but rather
it would be composed of thruster bursts that transition with finite
slopes. These more realistic input functions would also cause zero
vibration.

If the thruster bursts are not timed perfectly, then there will be
some residual vibration. This effect is very similar to the errors in
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Fig. 13 Insensitivity of 5% vs fuel usage.

Fig. 14 Two-dimensional spacecraft dynamics simulator.

frequency shown in Fig. 9. Given that the thruster bursts will be
controlled by a digital computer, their timing resolution is approxi-
mately equal to the resolution of the digital sampling rate. As long as
the control loop is running approximately 10 times faster than the os-
cillation frequency, then the roundoff error will not be significant.23

The robustness to inaccuracies in both the thruster timing and the
transient response of the thruster force is best demonstrated by hard-
ware experiments using thrusters that have both of these defects. The
next section provides such a demonstration.

IV. Experimental Results
To test the specified-fuel commands proposed here, experiments

were conducted at the Tokyo Institute of Technology. The Two-
Dimensional Spacecraft Dynamics Simulator setup24 is shown in
Fig. 14. The facility has a 3 × 5 m flat glass surface, three satel-
lite simulators that float on the glass using air bearings, and an
image processing system measuring two-dimensional position. A
schematic diagram of a dynamics and intelligent control simulators
for satellite clusters (DISC) unit is shown in Fig. 15.

The position and attitude (x, y, θ ) of the DISC units are manip-
ulated by air thrusters that are controlled by a wireless local area
network (LAN). The DISC units are equipped with eight thrusters,
two on each side, as shown in Fig. 15. By the firing of the thrusters
in various combinations, the three-dimensional positioning can be
controlled. The air thrusters use regulated pressure up to 500 psi
(3.45 MPa). However, the experiments conducted for this work used
100 psi (0.7 MPa). The system mimics many of the important dy-
namic effects in on–off thruster control of satellites. For example,
on–off thrusters never produce a perfect pulse in force; there is al-
ways a transient rise and fall in the thrust force. Furthermore, the
thrust force is never perfectly constant when it reaches its peak
value. These effects are readily apparent in the air thruster system
used to move the DISC units. Another realistic inconvenience is the
time delays in the command sequence due to using the LAN to issue
thruster commands.

Fig. 15 Schematic diagram of DISC unit.

Fig. 16 Deflection and residual vibration for a 45-deg rotation.

To test the commands developed here, a flexible appendage with
an endpoint tracking target was attached to a DISC unit, as shown
in Fig. 14. Both the length and endpoint mass of the flexible beam
were adjustable. Numerous experiments were conducted to evaluate
various on–off thruster commands for a variety of move distances
and appendage dynamics. In each case, a DISC unit was initially
allowed to float freely on the air bearings. Then, a sequence of
thruster firings was performed. The overhead camera recorded the
location of the main unit, as well as the endpoint of the flexible
appendage.

The nominal length of the adjustable appendage was set to give a
very lightly damped natural frequency of 1.0 Hz. The control system
calculated on–off thruster firings for these baseline dynamics. For
example, the endpoint deflection of the appendage resulting from a
45-deg rotational motion is shown in Fig. 16. As seen in Fig. 16,
a bang–bang command induces both large transient deflection and
residual vibration. The bang–bang command used 2.4 s of air thrust
to perform the slew. Equations (17) were used to generate a com-
mand to provide the same rotation, but decrease the vibration and
use only 1.8 s of air thrust. This command is described by[

Ai

ti

]
=

[
1 −1 1 −1 −1 1 −1 1

0 0.45 0.5 0.95 1.667 2.117 2.167 2.617

]
(18)

Figure 16 shows that the closed-form command reduces the resid-
ual vibration by more than 75%. The vibration is not completely
eliminated due to modeling errors and nonlinearities in the system,
such as the air thrusters. Note that, although the CF command uses
25% less actuator fuel, the move takes only about 9% longer. This
reinforces the results shown in Figs. 7 and 11 that indicate the CF
commands are very close to time optimal.

The results shown in Fig. 16 are representative of the performance
over a wide range of conditions. For example, Fig. 17 shows the
deflection and residual vibration induced by the CF commands as
a function of fuel usage. As the fuel usage is decreased from 1.6 to
1.0 s, the maneuver takes somewhat longer to complete, as predicted
by Figs. 3 and 11. This effect is indicated in Fig. 17 by the bursts of
large negative deflection that occur when the system is decelerated.
These bursts occur at about 2.3 s for U = 1.6 and increase to 3.3 s for
U = 1.0. The maximum transient deflection decreases slightly with
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Fig. 17 Appendage deflection as function of fuel usage.

decreasing fuel usage, as predicted by Fig. 12. The residual vibration
remains roughly constant as the fuel usage changes. Note that the
vibration caused by the CF commands is always substantially less
than the vibration induced by the unshaped bang–bang command
shown in Fig. 16.

Although the experimental response is dominated by the lightly
damped mode at 1.0 Hz, higher modes are readily apparent. This
multimode nature of the system is a further complication that mimics
actual spacecraft. However, given the dominance of the low mode,
the commands were only designed to suppress the low frequency.
If the higher modes were a significant problem, then the commands
could be designed to suppress the higher modes as well.25

V. Conclusions
A method for generating on–off commands that can be described

in closed form was presented. The commands were designed to ac-
celerate and decelerate a flexible system without residual vibration,
while using a specified amount of actuator fuel. Although the CF
commands are not equivalent to the TO commands, they are near
time optimal in most cases. Furthermore, the CF commands are
more robust to modeling errors and cause less transient deflection
during the motion. The most significant advantage provided by the
new commands is that they are described in closed form and do not
need to be numerically optimized for every possible move distance
and/or fuel usage. Experimental results on a system driven by air
thrusters verified many of the key theoretical results.
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